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1.  T  Divide  cubic  equations  into  two  varieties  or  fpecies  :  the 
A  one,  comprehending  all  cubic  equations  with  three  real 
roots  ;  the  other,  all  thofe  with  only  one  real  root. 

2.  Let  <p  denote  any  angle  whatever,  and  let  r  zi  tan  (p,  the 

radius  being  unity  :  let  alfo  2  1=  tan  -  :  then  from  the  doctrine 

3 

of  angular  fedlions  we  have 

32 - 2  5 

T  i  —  3^} 

which  being  reduced  to  the  form  of  an  equation,  is 

% 3  —  $rz 1  —  3%  -f-  r  =z  o. 

Now,  from  what  is  commonly  taught  in  angular  fedlions,  z, 

in  this  equation,  may  denote,  not  only  tan  -,  but  alfo 

3 

.  % 

tan  (|+i2o°),  or  tan  ^-f-2400).  It  is  to  be  remarked, 

too,  that  any  value  whatfoever  may  be  ailigned  to  r,  pofitive  or 
negative,  and  without  limit  or  reftridlion  as  to  magnitude.  The 
equation,  then,  has  three  different  values  of  %  for  every  given 
value  of  r  ;  and  it  belongs  to  the  fpecies  of  cubic  equations,  ha¬ 
ving  three  real  roots. 
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3.  Again  I  a ffume  this  expreflion, 

I  —  T  _  (i  -  %)* 

1  -f*T  (i  -f-  »)5* 

Let  there  be  conceived  an  equilateral  hyperbola,  of  which 
the  femiaxes  are  each  equal  to  unity,  and  let  a  ftraight  line  be 
drawn  to  touch  the  hyperbola  at  its  vertex  :  Conceive  alfo  a 
ftraight  line  to  be  drawn  from  the  centre,  to  cut  off  a  feclor 
from  the  hyperbola  itfelf,  or  from  its  oppofite,  or  conjugate  hy¬ 
perbolas,  and  to  intercept  a  part  r  (efti mated  from  the  vertex) 
on  the  tangent  line  :  And,  in  like  manner,  let  another  ftraight 
line  be  drawn  from  the  centre  to  cut  off  another  fe&or,  that 
fhall  be  one  third  part  of  the  former  fe&or,  and  to  intercept  a 
part  z  on  the  tangent  line  :  Then  the  relation  of  r  and  z  will  be 

as  in  the  expreflion  here  aflumed,  viz. 

1  — T  (1  —  ssV 

1  -f-  r  (1  -J-  %y  * 

I  shall  not  flop  to  demonftrate  this  propofition  refpecfling 
the  hyperbola :  it  eafily  follows  from  the  known  properties  of 
that  curve.  I  mention  it  merely  with  the  view  of  marking  the 
flria  analogy  that  fubfifts  between  the  two  varieties  of  cubic 
equations.  It  is  fufficient  for  our  purpofe  to  remark,  what  is 
indeed  very  evident  from  the  nature  of  the  aflumed  expreflion, 
that,  whatever  value  be  afligned  to  r,  2  has  always  one  leal 
correfpondent  value,  and  only  one. 

From  our  aflumed  expreflion  wre  get 

_  (1  q_gy  —  (1  —  %y  _  3g  +  gi  . 

7  ~  t1  +  *y  +  C1  —  *y  i+3*i 

which  being  reduced  to  the  form  of  an  equation,  is 

2 3  —  3T'Z  2  "f*  32  —  r  °* 

This  equation  has  only  one  value  of  %  for  every  given  value 
of  r ;  and  it  belongs  to  the  fpecies  of  cubic  equations  having 
only  one  real  root. 
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4.  In  order  to  give  to  the  two  equations,  inveftigated  above, 
the  utmoft  generality  of  which  they  are  capable,  I  write  p  for 
r,  and  they  finally  become, 

I.  R 2 3 — 37% 2 — 3R2:  -}-  r  “  o, 

II.  Rz3  -  37%  2  -f"  3R2  - 7ZO, 

in  which  two  equations,  R  and  7  reprefent  any  numbers,  pofi- 
tive  or  negative,  and  altogether  unlimited  and  arbitrary  as  to 
magnitude. 

T consider  the  two  preceding  equations  as  the  fimple  cafes, 
or  fimple  forms,  of  the  two  fpecies  of  cubic  equations  :  And 
the  method  of  refolution  I  have  to  propofe  is,  to  reduce  eve¬ 
ry  cubic  equation  whatfoever  to  one  or  other  of  thefe  two 
forms. 

The  firfl  of  the  above  forms  is  an  equation  belonging  to 
the  circle.  It  exprefles  the  relation  between  the  tangent  of 
an  arch,  and  the  tangent  of  the  third  part  of  that  arch  :  and  it 
has,  in  all  cafes,  three  real  roots.  If  we  take  the  angle  <p,  of 

which  the  tangent  is  the  radius  being  unity ;  the  three  roots 

of  the  equation,  or  the  three  values  of  z,  are,  tan  -, 

3 

tan  (--(-120°),  and  tan  (-  +  240°). 

The  fecond  of  thefe  forms  is  an  equation  belonging  to 
the  hyperbola.  It  exprefles  the  relation  between  the  tan¬ 
gents  of  two  hyperbolic  fedors,  of  which  the  one  is  triple  of 
the  other ;  and  it  has,  in  all  cafes,  only  one  real  root.  From 
the  exprefiion  affumed  (Art.  3.)  above,  whence  this  equation 


was  deduced,  we  get,  therefore, 

_  3/1 -  T  3/R  —  T 

V  I  4-  T  .  .  T  r  V  R  4-  T 

w  ~  -  - :  or,  writing  p-  ror  r,  z  —  - - - 


+y 


R  — 


And 


I  —j—  T  *  1  V  R  -{-  T 

fo  %  is  found  by  extrading  the  cubic  root  of  a  given  number. 

A  2  The 
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A  NEW  SOLUTION 


The  two  forms  differ  from  one  another  only  in  the  figns  of 
their  terms.  The  firft  and  third  terms,  as  well  as  the  fecond 
and  fourth,  have  always  unlike  figns  in  the  firft  form  ;  but  al¬ 
ways  like  figns  in  the  fecond  form.  This  property  refpedling 
the  figns  of  the  alternate  terms,  by  which  the  one  equation  is 
effentially  diftinguifhed  from  the  other,  1  fhall  denominate  the 
“  Char  act  erijlic  of  the  form .” 

'  5.  I  proceed,  now,  to  fhew,  in  what  way  any  propofed  cu¬ 
bic  equation  may  be  reduced  to  one  or  other  of  the  two  forms. 

Let  the  propofed  equation  be, 

x 3  -f-  Ax 1  -f-  Bv  +  C  ~  o, 


where  A,  B,  C  denote  any  given  coefficients,  pofitive  or  nega- 

«  ;  V  , 

live.  I  affume  x  —  and  h  being  indeterminate  quan¬ 


tities,  and  3  a  new  unknown  quantity.  And  it  is  to  be  obfer- 


ved,  that  the  fuppofition  of  x  =  is  always  poffible,  provi¬ 

ded  a  be  not  equal  to  h :  for  if  a  be  not  equal  to  h,  a  value  may  be 
affigned  to  %,  fuch,  that  the  fraction  ihall  be  equal  to  any 
number  whatever,  pofitive  or  negative.  But  if  a  =z  b,  the  va¬ 
lue  of  is  not  altered,  whatever  number  %  may  denote. 

Having  fubftituted,  and  taken  away  the  denominators,  we 


get, 

[a -f-  2;) 3  -f-  A  {a  -f-  z) 2  [b  -fi  z)  +  B  (a  -f-  z)  [b -f- z) 2  +  C  (h -j-  z) 3  —  o. 


» 
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Of  CUBIC  EQUATIONS. 

The  terms  of  this  expreffion  are  now  to  be  evolved  and  ar¬ 
ranged,  according  to  the  powers  of  z :  which  being  done,  we 
{hall  find,  '  - 

a1  +  3  a2Xz  +  +  iXz3 

-f  A a2b  -\-2AabXz  +  A bxz2 

+  A a7Xz  -{-2AaXz2  +  AX23 
+  Bab 2  +  Bb 2  X  z  Y  —  o. 

-f-  2B abXz  +  2B bxz2 

+  BaXz2  -f  BX2j 

+  G b*  +  3C b>Xz  +3CbXz*  +  CX2J  ' 

In  order  to  reduce  this  equation  to  our  forms,  we  mufl  e- 
quate  three  times  the  coefficient  of  z 3  to  the  coefficient  of  z, 
either  with  the  fame  or  different  figns  :  and  alfo  the  coefficient 
of  to  three  times  the  abfolute  term,  likewife  with  the  fame 
or  different  figns.  For  in  the  forms  the  coefficient  of  2; 3  and  2 
are  R  and  ip  3R  :  and  the  coefficient  of  % 2  and  the  abfolute 
term  are,  3r  and  +  r.  Now,  in  the  transformed  equation 
above,  three  times  the  coefficient  of  is  3 -{- 3A -b  3B  +  3C, 
which  I  write  thus,  (3  -f-  2A  -f*  B)  -f-  (A  -f  2B  -f-  3C) :  And  in 
like  manner,  for  three  times  the  abfolute  term,  I  write 
(3^ 3  -f  2 Art 2 £  Bab2)  -{-  {Aa2b  -f-  zBab*  +  3C^?).  This  be¬ 
ing  obferved,  we  fhall  have  thefe  two  equations  for  determining 
a  and  b : 

3  +  2A+B7 _ +  2Aai  +  ~Bb2 

+  A  +  2B  +  3cj  —  +  LAa2  +  2B  ab  +  3C  b2, 

$a 2Aa -\rBa  l___r  3^ 3  +  2  AcPb  +  Bab 2 

+  AI>  -f  aBi  +  3C b$  ~  +  1+  A aV+  zBab2  +  3C b\ 

6.  It  is  manifeft,  from  the  manner  in  which  I  have  written 
the  two  equations  for  determining  a  and  b,  that  they  depend 

upon; 


6  A  NEW  SOLUTION 

■upon  the  two  following  more  fimple  equations  of  the  quadratic 
form  : 

3^ 4  +  2Aab  -{-  B£2  zz  Ip  (3  +  2 A  +  B), 

A^z*  -f-  'i¥>cib  -j~  3CZ>4  zz  3p  (A  -f-  2B  -f-  3^*)* 

For  thefe  two  equations  are  no  other  than  the  two  parts  of 
the  fir  ft  of  the  preceding  equations  :  and  if  we  multiply  the 
firfi  of  them  by  a ,  and  the  fecond  by  we  fhall  have  the  two 
parts  of  the  fecond  of  the  preceding  equations. 

To  determine  a  and  b ,  I  now  write  M  =z  3  +  2 A  +  B  ; 
N  zz  A  -f-  -B  +  3C  ;  and  ay  —  b  :  thus  we  have, 

X  (3  +  ihy  +  B/!)  =  qp  M, 

X  (A  +  2Bj/  +  3Cr )  =  J  N. 

Multiply  the  firfi  equation  by  N  ;  the  fecond  by  M  ;  fub- 
tradl  the  one  from  the  other ;  and  divide  by  ci1  ;  and  there  will 
reful t  this  equation  for  y  : 

(3N  —  AM)  +  2  ( AN  —  BM)  y  +  (BN  —  3 CM)  y 2  =  o. 

And  in  this  equation  there  is  no  ambiguity  of  figns. 

If  we  fuppofe  y  —  1,  the  equation  laft  found  is  equivalent  to 
the  identical  equation  MN  —  MN  zz  o.  One  value  of  y  is  there¬ 
fore  unity.  But  this  is  precifely  the  cafe  of  a  ~  b,  which  we 
have  noticed  above  to  be  inapplicable  to  the  prefent  purpofe. 
Nor  is  it  to  be  wondered  at  that  this  value  of  y  is  of  no  ufe  in 
the  prefent  inquiry  :  for  it  is  manifeft  that  it  does  not  at  all  de¬ 
pend  on  the  given  quantities  A,  B,  C,  M  and  N,  but  merely  on 
the  peculiar  manner  in  which  the  equation  is  conftituted.  We 
learn  from  hence,  however,  that  there  is  alwrays  another  value 
of  y,  whatever  numbers'  A,  B,  C,  M  and  N  may  denote;  be- 
caufe  every  quadratic  muft  have  two  roots  or  none  at  all. 

Quadratic  equations,  with  one  root  zz  1,  may  be  fuppofed 
to  be  thu s  generated :  (y  —  1 )  X  (my — ri)  —  my 2 « —  (in  +  n)y + n  rz  o, 

the 
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the  two  roots  being  i  and  ^  :  Comparing  this  formula  with 

our  equation,  we  have  n  ~  3N  —  AM  and  m  zz  BN  —  3CM : 
And  fo  we  get, 

.  3N  —  AM 
y  —  BN  —  5  CM’ 

Now,  a 2  =  and  b  =  a  x  y  •  therefore, 

<s:z(BN— 3CM)  XZJI  \f  BNT  _  3  C  M  ) 2  +IA(  3  N-  -  AM  )  (  B  N  -3  C  M) +B(3  N- AM  f 

(3N  AM)  X  ±  */  2(RN — 3C  M  f + 2  A  (3  N  -AM)  ( B  i\  ~  5  C  M )  -pB  ( 3  N  -  A  M  A 
The  quantities  a  and  b  are  therefore  found  by  a  {ingle  ex~ 
tradlion  of  the  fquare  root :  and  they  have  each  two  values,  one 
pofitive,  and  the  other  negative.  It  is  indifferent  which  of 
thefe  two  values  of  a  and  b  be  taken,  provided  they  are  corre- 
fpondent  values,  fo  that  b  ~  a  X  y.  It  is  to  be  remarked  too, 
that  a  and  b  have  always  real  values,  on  account  of  the  double 
fign  prefixed  to  M  ;  for  that  fign  is  to  be  taken  that  will  render 
the  radical  quantity  pofitive.  And  it  is  to  be  carefully  noted 
which  of  the  two  figns  is  neceffary,  that  a  and  b  may  have  real 
values  :  becaufe  on  this  depends  the  charafleriftic  of  the  reduced 
equation,  and  whether  it  is  to  be  referred  to  the  firft  or  fecond 
form,  and,  confequently,  whether  it  has  three  roots,  or  only  one. 

If  the  fign  —  is  requifite  that  a  and  b  may  have  real  values,  then 
the  reduced  equation  will  have  the  charadleriftic  of  the  firft 
form,  and  will  have  three  roots.  But  if  the  fign  -f  is  requifite  for 
that  end,  the  reduced  equation  will  have  the  charadteriftic  of 
the  fecond  form,  and  will  have  only  one  root.  All  this  is  ma- 
nifeft  from  the  ftatement  in  Art.  5. 

7.  The  rule,  or  law,  according  to  which  the  preceding  for¬ 
mulae  for  a  and  b  are  conftituted,  is  fufficiently  fimple  and  per- 

fpicuous  ;  and  the  formulas  are  therefore,  in  that  refpedl,  con- 

* 

venient  for  pradlice.  But  in  examining  the  expreffion  in  the 

denominator.- 
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A  NEW  SOLUTION 


denominator  of  the  radical,  I  find  that  it  is  always  divifible  by 
M,  the  quantity  in  the  numerator  :  and  that  thus  the  formulae 
may  be  exhibited  in  another  fliape,  having  this  advantage,  that 
it  will  introduce  fmaller  numbers  in  the  arithmetical  operations 
requifite  for  computing  a  and  b. 

I  write  QxM=3(BN — 3CM)2+2A(BN  —  3CMX3N — AM) 
-j-B  (3N  —  AM)2,  and  evolving  by  adtual  multiplication 

QJX  M  ~  3B2.  N2  —  1 8BC.  MN  +  27C2.  M2 
+  6AB.  N2  —  2A2B.  MN 

—  1 8  AC.  MN  +  6A2C.  M2 
H-  9B.  N2—  6AB.MN+  BA2.  M2 

Now,  the  coefficient  of  N2  is,  3B2  +  6AB  +  9B  zz 
3B  (B  -f-  2  A  -f-  3)  =  3B  X  M  :  dividing  therefore  by  M,  we  get, 

Qjn  3B  X  N2  —  (18BC  -f-  2A2B  -j-  1 8 AC  -j-  6AB)  X  N 
+  (27C2  +  6A2C  +  BA2)  X  M. 

And  if  for  N  and  M  we  fubflitute  their  values  (A  +  2B  -f-  3C) 
and  (3  +  2  A  -f-  B),  we  ffiall  find, 

Qj=  1 2B J  -j-  8 1 C2  —  54ABC  +  i2A3C  —  3A2B2 

all  the  other  terms  deflroying  one  another,  except  thefe  five. 

All  the  terms  in  this  value  of  being  divifible  by  3, 1 
change  Q^and  put 

Q=  4B3  +  27C2  —  i8ABC  +  4A3C  — A2B2 
or,  Qj=  (4B 3  -j-  27C2)  —  2 AC  (9B  —  A2)  +  A2  (2xAC  —  B2) 

And  fince  3QM  is  now  equal  to  the  denominator  of  the  radical 
in  the  preceding  formulae  for  a  and  b ,  wre  have  the  following 
new  formulas, 

4-  BN-3CM. 

- /  +  30. 

7.  _  +  3N-AM 

V  +  30. 
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Of  CUBIC  EgJJA'T  IONS. 

What  was  remarked  above,  with  regard  to  the  double  fign 
prefixed  to  M,  is  now  to  be  applied  to  the  double  fign  prefixed 

t°Q^ 

8.  The  preceding  invefligation  fupplies  us  with  the  follow¬ 
ing  rule,  or  criterion,  by  which  to  determine,  whether  any  pro- 
pofed  cubic  equation  has  three  real  roots  or  not : 

The  propofed  equation  will  have  three  real  roots,  when  the 
amount  of  the  expreflion 

.  (4B  j  +  27C2)  —  2AC  (9B  —  A2)  +  A3  (2  AC  —  B2) 

is  negative  :  But  if  this  expreflion  is  pofitive,  the  equation  will 
have  only  one  real  root :  And,  (as  will  afterwards  be  fhewn), 
when  the  amount  of  the  expreflion  is  z=  o,  the  equation  will 
have  two  equal  roots. 

o.  Having  now  found  a  and  Ik  if  we  fubflitute  a,  i~-—  for  x  in 

J  /,  7  b-f-z 

the  propofed  equation,  we  fhall  have  an  equation  for  2  that  will 
come  under  one  of  our  two  forms,  and  from  which  z  (and  con- 
fequently  the  root  or  roots  of  the  propofed  equation)  may 
therefore  be  found.  But  fuch  fubflitution  is  not  neceflary.  For 
if  we  go  back  to  Art.  5.  and  compare  the  transformed  equation 
with  the  forms,  we  fhall  find  R  n:  i-J-A-f-B-f-C,  and 

3R  ~  M  +  N  :  alfo  —  37  —  ~h  -f-  Btf) 

-f~  (A b  -f-  2BZ>  — {~  3C/')  ~  M a  -}-  NZ> :  Therefore 

T  _  M(7  -j-  N  b 

R  M  -f  iN  ‘ 

Whence  the  value  or  values  of  z  are  found  by  what  is  obfer- 
ved  in  Art.  4. 

10.  I  shall  now  give  the  refult  of  the  whole  analyfis  in  the 
form  of  a  general  rule  for  the  refolution  of  cubic  equations,  * 
and  add  a  few  examples  by  way  of  illuflration. 

Let  the  propofed  equation  be  \ 

x J  -f  A^3  +  B^  +  C  =z  o. 

B 


1.  Com- 
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A  NEW  SOLUTION 


i.  Compute,  M  =:  3 -f  2A -f  B 

N  --A+2B  +  3C 
m  ~  BN  —  3CM 
n  ~  3N  —  AM, 

And  Qj=  (4B }  +  27C2)  —  2 AC  (9B  —  A2)  +  A2  (2  AC  —  B2) 
And  let  it  be  carefully  noted  under  which  of  the  two  follow¬ 
ing  cafes  the  equation  comes  : 

Case  I.  When  Qjs  negative. 

Case  II.  When  QJs  pofitive. 

To  thefe  two  cafes  a  third  may  be  added,  viz.  when  Qj=  o  ; 
but  of  this  cafe  I  lhall  treat  in  one  of  the  following  examples. 


+ 


2.  Compute  alfo,  a  — 

+  n 


b  ~ 


an 

m 


,  M  a  +  N6 

and  r  ~  -m+tT* 

3.  Then,  if  the  equation  comes  under  cafe  I :  Find  the  an¬ 
gle  <p,  of  which  the  tangent  is  r,  the  radius  being  unity  :  take 

%  =  tan -,  z  1=  tan  +  120°),  and  z  —  tan  (7  +  240°)  :  And 

the  three  roots  of  the  equation  will  be  found,  by  fubftituting 

Cl  & 

thefe  values  of  z  in  the  formula  a  = 

4.  But  if  the  equation  comes  under  Cafe  II.  we  mull  com¬ 


pute 


And  the  only  root  of  the  equation  will  be  found,  by  fubftitu- 
ting  this  value  of  z  in  the  formula  x  —  7^  g* 


The 


of  cubic  equations. 


1 1 


The  following  examples  are  chiefly  taken  from  Dr  Hut¬ 
ton’s  “  Trads  Mathematical  and  PhilofophicaL ”  Trad  5. 

11.  Example  i.  Let  the  propofed  equation  be 

x*  —  6x*  +  1  ix  6  —  0. 

Here,  A  =  —  6,  B  =  +ii;G  =  —  6:  therefore 

M  zz  +  2 
N  —  —  2 
m  zz  -f  14 
n  —  +  6 

0  =  -4 

So  that  we  have  here  Cafe  I. 

—  T4  _  _7_ 

2/3 
6 
[4 


<7 


'  /3 

£  zz  —  X#zz  v/3 
14  ^ 

7 


and  r  zz  — 


V3 


—  2.  v" 3 


2  —  2 


co 


Now,  tan  90°  zz  co,  and  alfo  tan  270°  zz  co  :  And  we  may  take 
either  of  thefe  angles  for  (p  :  Take  <p  —  90  °,  then, 

*  =  tan  |  zz  tan  3°°  =  +  77 
%  zz  tan  ^  +  120°)  zztan  150°  — — tan3©°zz — 
zz  tan  +  240°)  zz  tan  270°  2=  co 


% 


JL  jl  JL 

„  1/?  ~  1/3  8 

Therefore, x  zz  r— -  “■  =  7  =  2 


^3  +  75 


4 


7 

*/3 


1  1 


1/3  -  7s 


j/3  __  6  __ 


2 


X  ZZ 


-y-  +  co 

_  V3 


•  c 

1  * 


0  Z  I " 

f  / 

3  '  . 

-i--  1  ,  ■ 

>  ' '  + 


.1  *4—  X 


It 


y3  +  co 

And  fo  the  three  roots  are  1,2,  and  3. 

B  2 


Since 


12 


A  NEW  SOLUTION 


Since  M  +  Nzz3(i  +  A  +  B  +  C):itis  obvious,  that  when 
M  -f  N  zz  o,  we  fhall  alfo  have  i  -f  A-f  B-j-Cro;  and  fo 
one  root  of  the  equation  is  unity.  It  is  manifeft  too,  that,  in 
this  cafe,  the  transformed  equation  for  2  becomes  limply, 

—  1  —  o  :  whence  z  zz  +  ^ ;  and  confequently  the  other 


«'  + 


a - . 


two  roots  of  the  equation  are,  x  zz - and  x  zz  - - 

*  +  b - 77 

V3 


__  V_?>_ 

1  ; 

V  3 

-.A  ^ 

Or,  writing  for  a  and  b,  their  values,  ^and  the 

two  roots  are,  x  —  ^“47^/ _ Q^and  x  —  n  —  ^ 

12.  Example  2.  Let  there  be  propofed 

.  X  3  — ->  6x 2  +  9^  —  2  ZZ  O. 

Here  A  zz  —  6  ;  B  zz  +  9  ;  C  zz:  —  2  :  And  hence, 

~ <  M  w'  o 


■  f>:  ’  : 


ft 


:o 


N  =  -h  6 
in  —  +  54 
r  •  n  rz'  +  18 
Q=  —  108. 


°c  r.  r 


V  A  V- 

0 


'■  1.  •_  ■ .  i  in  -  •: 


And  we  have  here  again  Cafe  I. 

a-  =  +  3  ■ 
^  z  -f  .1 


/ 


LIB 


.1  1  .  . 


to  m  "c*rr  nr,i  zz  1  ■  o;.r: 

r  zz  —  I 


Therefore  <p  zz  Arc.  tan  —  1  zz  1450,  therefore, 


z  zz  tan  -  zz  tan  45 0  zz  1 , 

3  £  V 


z 


r 


=  t-  (|+I2O0)  =  t.  l6S°  =  — t.  I^0  =—  (2—^3) 
2  zzt.  (^+240°)  =  t.  285°  =  750  22  -  (2+4/3)  5 


Therefore,  *  =  —  i  —  2 ; 

5  N  i  +  i  a 


^  (O 


60 

f  > 

-I1-  ‘  a; 

Lhb  tI  5’IJJ  2300'!  OSIXiJ  3llj  dl  LilA 

£  a 
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/  u 

x  -  1- ;.+  -  fA+l  -  (✓  3  +  O’  -2  +  ^3; 

i  —  2  4"  v  3  V^3  —  1  2  'vo> 


a.: 


.3  —  2  —  */  3 _ ✓  3  —  1 _ (✓  3  —  iV 


✓  35 


“I  —  2  — v/3~~-/3  +  I~  2 
And  the  three  roots  are  2,  2  +  j  3,  and  2  —  3. 

13.  I  take  the  following  example  to  illuftrate  the  cafe  of 
two  equal  roots. 

Example  3.  Let  the  equation  be 

x  *  —  jx*  —  5  a  +  75  =  o. 

Here  An:  —  7 :  B  n  —  5:  C  zz  -{-  75.  Therefore, 

Mm  —  16 
’•  N  zz  208 
m  zz  +  256.0 
n  zz  +  ci2 
Q^zo. 

Since,  then,  Qjz:  o,  it  is  manifeft  that  a ,  £,  and  r  will  be  all 
infinitely  great.  But  though  a  and  b  be  infinite,  it  is  to  be  re¬ 


marked  that  ?  zz 

o  11 


m 


Since  t  zz  co,  we  have  <p  zz  90°,  or  (p  zz  270°:  Take  zz  90° ; 
Then,  -•  ;  . .  ”  -  • 


J 


2  zz  tan  |  zz  tan  30  zz 


z  zz  tan  (|-f-i2o0^ zz  tan  150°  zz — tan3o°zz  — 

2  zz  tan  -f-2400)  zz  tan  270°  zz  co 
We  have  then,  in  the  firft  place,  for  two  roofs, 


X  zz  - - 

b  +  Tl 


a 


x.-a~  ✓3. 

*  —  ,  ,  1 

^3 


/ :  y  .1  .*!/ 


And 


A  NEW  SOLUTION 


And  fince  a  and  b  are  infinitely  great,  it  is  manifeft  that  thefe 

two  roots  are  equal  to  one  another,  and  each  ■  „ 

We  can  infer  nothing  with  regard  to  the  value  of  the  third 
root,  derived  from  the  infinite  tangent,  unlefs  we  can  afcer tain 
the  proportion  which  that  infinite  tangent  beais  to  the  infinitely 
great  quantities  a  and  b.  The  general  relation  of  r  —  tan  <p,  and 

%  tan  \  is  thus  expreffed  r  zz  &=£  :  and  r  becomes  infi¬ 
nitely  great;  ift,  When  i  —  =  °  5  2dl7?  Whe11  z  is  infi- 

nitely  great. 

Now  the  values  of  z,  derived  from  the  equation  i  3%2  —  °> 
are  2  =  +  -j-,  and  z  -  —  And  thefe  are  precifely  the 
values  of  z  ufed  above  in  determining  the  two  equal  roots. 


Again,  we  have  ~  :  And  it  is  manifeft  that  the 

greater  z  is,  the  nearer  T-  approaches  to  fo  that,  ultimately, 
when  r  and  z  are  greater  than  any  finite  magnitudes,  we  have 
l  -  -  and  z  =  3r*  But  r  =  !  therefore, 


and  x-nA- 


M  +  J\ 

5M3  4~  3^3 


a 


•z 


M  -j-  M 


M  4-  N 


3-4-*  — ,  ,m«4-  3n/,‘ 

TT+tT 


If  now  we 


write  -  for  b,  in  this  expreffion,  the  infinite  quantity  a  may  be 

m 

thrown  out  by  divifion,  and  we  fhall  have  the  value  of  the  root 

in  finite  quantities  only.  The  expreffion  being  properly  redu- 

„  ,  2Mwz4-N(3*  — «). 

ced,  we  {had  have,  x  —  m  (3™  -T»J4-  *N« 

When,  therefore,  Qjzi  two  toots  are  equal  to  one  another, 
and  each  zz  -  :  And  we  have  this  formula  by  which  to  com- 

n  , 

,  ,  iMw  4-^(3*  —  tv) 

pute  the  thud  loot,  x  2n«  4*  ^  C37// —  ri) 


Applying 


Of  CUBIC  EQUATIONS. 

Applying  this  rule  to  our  example,  we  have : 
for  the  two  equal  roots,  x  zz  -  z-  —  - 


n  512  J 

for  the  third  root,  *  =  T“?>9*  =  = 

—  I  I4O00  2  12992  -1-98304 

14.  Example  4.  Let  the  equation  be 

x 3  —  yx 2  +  i8v  —  18  zz  o. 

Here  A  —  —  7 ;  B  =  +  18  ;  C  z  —  18.  Therefore, 

M  zz  -f-  7 
Nzz-25 
m  zz  —  72 
n  zz  —  26 
Q^zz  -f  72. 

So  that  we  have  here  Cafe  II. 

a  -=i21  - 

\/2i6  3v/6 

r  _  —  26  _  —  13 

—  y/216  ~~  3  x/6 


zz  + 


73 


54  \/6 


3/1  — T  __  3 /54_v/6  — 73  __  ^  j/6 


Therefore,  Vr+7  =  V 


and  a:  zz 


Hence  z  zz 


36  +  1 


34^/6-4-73  2^6-4-! 


I+T  _ 


+Vt 


2  ^/6 


+  T 


3  S6 


13 


+ 


2  y/6  __  —7^+3  __  —  69  __  «  . 

1  — 26-}-  3  —  23  '  J* 


2  v/6  1  2  v/6 

And  3  is  the  only  root  of  the  equation. 

15.  When  r  is  a  furd  as  7^77,  the  value  of  z  (in  Cafe  II.)  al¬ 
ways  involves  radicals  of  this  form,  +  out  °f  which 

the  root  may  fometimes  be  extrafted  ;  and  fo  the  value  of  2  will 
be  exprefled  by  a  furd  of  the  fame  kind  as  r. 


The 
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A  NEW  SOLUTION 


The  method  I  have  followed  to  find  when  this  can  be  done, 
being  very  fimple  and  eafy  in  practice,  I  fhall  lieie  biiefly  de- 
fcribe  it. 

T  -  '  '  .  We  have  r  =  ; 

write for.r,  .7^7,  fqr z  :  then 

p  —  3 r/*v  +  ^  •;  • 

q  Vr  ,  C ry\  .+  3>^v)  *  ’ 
whence  thefe  two  equations  are  formed. 

p  z?  yy.v  +  ^ 

x  q  ?=  Hr  3]»av, 

from  which  it  is  manifeft,  that  p  is  a  divifor  of  />,  and  v  a  divi- 
for  of  q,  I  feek  then  amongft  the  divifors  of  p  for  a  number 
and  amongft  the  divifors  of  q  for  a  number  v,  that  will  fatis- 
fy  the  two  equations  above  :  or  rather,  that  will  fatisfy  thefe 
two  following, 

a  P  — '  ^ 

V  _  _ , 

yv- 


1 _ q  — r 


\ 


VI 1 


If  two  fucn  numbers  are  to  be  found  amongft  the  divifors  of  p 
and  then  will  £  —  — tV~  *.  but  if  not,  we  are  to  conclude  that 

the  value  of  %  cannot  be  expreffed  this  way. 

Thus,  in  the  laft  example  r  —  it  1S  manifeft  that  73 

admits  no  divifor  but  1  :  therefore  p  zz  1,  and  on  trial  I  find 
v  —  2,  which  two  numbers  fatisfy  the  two  equations,  and 

therefore  2  ~ 


2  v/6* 


16.  The  fame  method  applies  alfo  to  Cafe  I.  For,  in  this 
cafe, 


Of  CUBIC  EQUATIONS. 
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and  fubftituting  for  r,  and  for  %,  we  derive  thefe  two 
°  3.  v  r  ’vr 

equations, 

q  —  rv 3  —  3^, 

whence  it  is  manifeft  that  p  is  a  divifor  of  />,  and  t'  a  divifor  of 
q,  as  before.  It  will  be  eafier  for  trial  to  write  the  equations 
thus 

3*7*- 


And  let  it  be  obferved,  that  we  may  here  give  to  p,  and  v  any 
figns  confident  with  the  condition,  that  ~~  and  —  ~q  (the 

values  of  v 2  and  p?)  are  pofitive  numbers. 

It  is  to  be  remarked  too,  that,  in  this  cafe,  %  has  three  values. 
If,  however,  we  can  find  one  value  this  way,  the  two  others  are 
readily  obtained.  For  if  v  be  one  value  of  z,  the  two  other  va¬ 
lues  are  7"3  and  :  becaufe  thefe  values  are  the 

tangents  of  two  arches  that  differ  from  the  arch  of  which  v  is 
the  tangent  by  1200  and  240 °. 

Though  this  is  a  matter  more  curious  than  ufeful,  I  fhall 
add  one  more  example  for  the  fake  of  illuftration. 

Let  the  equation  be 

x3  —  39X2  4-  479X  —  1881  =  o. 

Here  A  zz  —  39 ;  B  z:  +  479  ;  C  ~  —  1881:  And 

M  zz:  -{-  404 

N  =  —  4724 
m  zz-  +  16976 
n  =z  +  1584 

Qjzi  —  25600- 

And  the  equation  belongs  to  Cafe  I. 


i8 


A  NEW  SOLUTION,-  tsc. 


_  16976  _  TO 6l 

a  ~~  ifio/3 


b  -  1584 


160^3 
-  39032 


io>/3 

99 

i°\/3 


4879 


T  —  43200^/3  54°°v/3 

To  find  whether  2  can  be  expreffed  by  a  furd  as  ^ 


V  s/r' 


I  write 


p  —  —  4879,  q  —  5400,  and  /•  =  3  5  and  I  have  thefe  twcy 
equations, 

.  —  4879  4-  ^ 


V 


9  (* 


i  _  3V*  —  54oo 
(Jj  —  3V 


I  find,  that  7,  17,  and  41,  are  divifors  of  4879.  It  is  evident 
that  +  7  would  give  v%  negative:  I  therefore  try  7>  anc^  it 
does  not  fucceed  :  Neither  does  4.  17  ;  but  trying  —  17, 1  find 
y*  —  64,  and  confequently  v  zz  +  8  :  And  — ■  8  is  found  to 
fucceed  in  the  other  equation ;  therefore  p,  rz  —  17  v  ~  —  8, 

and  %  —  8^* 

We  have  then,  z  —  —  v 


Therefore,  x 


x 


X 


to 

1 

1 

 —  7 

1  +  v  \f3 

254/3 

•v  4.  4/3 

4T 

to 

> 

1 

H 

I 

~  — )V  3 

1061  , 

17 

-  4- 

10  V3 

8  4/3 

8488  4-170  __ 

8658  _ 

”  99  , 

17 

792  4-  170  “ 

962 

104/3 

3  v'  3 

1061 

7 

104/3 

254/3  

5305  —  14  _ 

5291  — 

~  99 

7 

495  —  *4 

481 

104/3 

254/3 

1061 

4T 

 104/3 

94/3  _ 

9549  —  410  _ 

9J39  _ 

=  9 


=Z  I  I 


99 


I9. 


10V3  94/3 


And  fo  the  three  roots  are,  9,  1 1,  and  19. 


FINIS. 


